Bell inequality is a mathematical inequality derived using the assumptions of locality and realism. Its violation guarantees the existence of quantum correlations in a quantum state. Bell inequality acts as an entanglement witness in the sense that a pure bipartite quantum state, having nonvanishing entanglement, always violates a Bell inequality. We construct Bell-type inequalities for product states in quantum coherence theory for different measures of coherence, and find that the maximally entangled states violate these inequalities. We further show that Bell-type inequalities for relative entropy of coherence is violated by all two-qubit pure entangled states, serving as an entanglement witness.
, etc. have been identified and quantified thus far. The development of any resource theory requires identifying two basic components [41] [42] [43] [44] , namely free states and free (or allowed) operations. Other states and operations are dubbed as a resource in the corresponding resource theory. For entanglement theory, separable states are free states and local operations and classical communication (LOCC) are free operations as these operations do not create entanglement on an average. Recent progress in the fields like quantum biology [45] [46] [47] [48] [49] and quantum thermodynamics [50] [51] [52] [53] [54] [55] [56] [57] reveal the particular role of "quantum coherence" in quantum processing. Coherence is identified by the presence of off-diagonal terms in the density matrix, and is a basis-dependent quantity. That is, a quantum state may have nonvanishing coherence in one basis, and vanishing coherence in another basis. Unlike entanglement and other quantum correlations such as quantum discord [58, 59] , coherence is defined for both single and multipartite systems. Baumgratz et al. in Ref. [60] have provided a quantitative theory of coherence as a new quantum resource. To quantify coherence in a given state, several kinds of coherence measures such as l 1 -norm of coherence and relative entropy of coherence have been proposed in [60, 61] . Quantum coherence, being a resource in quantum information and quantum thermodynamics, has arrested a lot of attention of the quantum community. Besides quantification of quantum coherence, relationship between coherence and other quantities like quantum entanglement, quantum discord, mixedness are also established in [62] [63] [64] [65] [66] [67] . In Ref. [66] , authors investigated quantum coherence in multipartite systems and revealed the connection between coherence, quantum discord, and entanglement (see Fig 1) . Moreover, they also shown that the global unitary operations do not outdo than the local unitary operations. That is, for the state |00 in H A ⊗ H B with dimH A = d A and dimH B = d B , it is easy to show that for any global unitary operation U , there always exists a local unitary operation V 1 ⊗ V 2 such that
which is very different from the entanglement case as local unitaries can not increase the entanglement. Thus, it seems that the global unitary operations can not be better than local unitary operations for quantum coherence. Other developments like the freezing phenomena [68] , the coherence transformations under incoherent operations [69] geometric lower bound for a coherence measure [70] , creation of coherence using unitary operations [66] , energy cost of creating quantum coherence [57] have also been reported. On the other hand, authors in Ref. [71] have proposed an operational resource theory of quantum coherence, which provides physical interpretations to the coherence measures via the transformation processes like coherence distillation. In this paper, we investigate the quantum coherence in multipartite systems, and pursue the answers to the following questions: (i) Can we construct Bell-type inequalities in quantum coherence theory to demonstrate the nonlocal properties present in quantum coherence? (ii) Do the violations of these inequalities guarantee the existence of quantum correlations in a quantum state? We find that the answer is in affirmative. We construct Bell-type inequalities for product states for both l 1 -norm of coherence and relative entropy of coherence based on the idea of Bell inequality in entanglement theory. We find that the maximally entangled state violates these inequalities. We further show that the Bell-type inequality for relative entropy of coherence is violated by all two-qubit pure entangled states, thus acting as an entanglement witness. The relationship between entanglement, discord and coherence in composite quantum states [66] , where "Ent" denotes entanglement. The hierarchical relation, C(ρ) ≥ D(ρ) ≥ E(ρ), signifies that quantum coherence is a rather ubiquitous manifestation of quantum correlations.
The paper is organized as follows. We start with providing preliminaries on measures of coherence and Bell inequality in Sec. II. In Sec. III, we construct Bell-type inequalities for bipartite product states for different measures of coherence, and give examples to show that these inequalities are violated by the maximally entangled two-qubit pure state. We further show that the Bell-type inequality for relative entropy of coherence is violated by all two-qubit pure enatngled states, serving as an entanglement witness in Sec. IV. Finally, we conclude in Sec. V with a discussion on the results obtained.
II. PRELIMINARIES
In this section, we briefly recall the valid measures of coherence that quantify quantum coherence in quantum states in a fixed reference basis, and discuss about a particular Bell inequality called the Clauser-Horne-Shimony-Holt (CHSH) inequality.
A. Measures of Coherence
For a quantum state ρ, in the reference basis {|i }, two proper measures of quantum coherence in the framework of Ref. [60] , are l 1 -norm of coherence (C l1 ) and relative entropy of coherence (C r ). They are defined as following: (i) The measure of coherence, C l1 , based on l 1 -norm is defined by
For the pure state, |Ψ = i c i |i , it reduces to
where c i = i|Ψ .
(ii) The measure of coherence, C r , based on relative entropy is defined by
where I is the set of all incoherent states in the reference basis {|i }, S(ρ σ) = Trρ(log ρ − log σ) is the relative entropy between ρ and σ, S(ρ) = −Trρ log ρ is the von Neumann entropy of ρ, and ρ d is the diagonal state of ρ, i.e.,
For the maximally coherent pure state
given by
B. Bell Inequality
Bell, in 1964, constructed an inequality (referring to correlations of measurement results) that is satisfied by all theories that are both local and counterfactual-definite [20] . He then showed that quantum mechanics violates this inequality. That is, quantum mechanics cannot be both local and counterfactual-definite. This is the celebrated Bell's theorem. Thus, based on the assumptions of locality and reality, one can construct mathematical relations, the CHSH-Bell inequalities [20, 26] , which can be violated by quantum mechanical systems. Consider two observers Alice and Bob share a bipartite state ρ AB . Suppose that Alice has two observables Q and R with two possible outcomes ±1 for each observable. Similarly, Bob has two observables S and T with two possible outcomes ±1 again for each observable. In the classical case (that is, if a local hidden variable model exists for this state), it is easy to show that for these four dichotomic observables, we have
However, this inequality can be shown to be violated by several quantum mechanical two-qubit bipartite states. In quantum mechanics, we have
The maximum value is achieved when Alice and Bob share the EPR pair, |Ψ = 1 √ 2 (|01 − |10 ), and their observables
where X = 0 1 1 0 and Z = 1 0 0 −1 are Pauli matrices.
For more details on Bell inequality and nonlocality, see Ref. [25] .
III. BELL-TYPE INEQUALITY FOR PRODUCT STATES IN QUANTUM COHERENCE
In this section, we consider coherence in bipartite quantum systems. In particular, we build Bell-type inequalities for bipartite product states for different measures of coherence, and find that two-qubit maximally entangled pure states violate these inequalities. We further show that Bell-type inequality for relative entropy of coherence is violated by all twoqubit entangled pure states, acting as an entanglement witness. We are also able to find a basis in which Bell-type inequality for l 1 -norm of coherence is violated by a large number of two-qubit pure entangled states. Since coherence is a basis-dependent quantity, we must specify the basis we have chosen. As we know, if we choose observable X in H A and observable Y in H B , then the eigenstates of X and Y can form a local basis of H A ⊗ H B . For a bipartite state ρ AB , and any two observables X and Y in H A and H B respectively, we will denote C r (X, Y, ρ AB ) and C l1 (X, Y, ρ AB ) by C r (ρ AB ) and C l1 (ρ AB ) in the local basis formed by X and Y. Likewise, C r (X, ρ A ) and C l1 (X, ρ A ) will be denoted by C r (ρ A ) and C l1 (ρ A ) respectively in the local basis formed by X. C r (Y, ρ B ) and C l1 (Y, ρ B ) are denoted similarly.
A. Bell-type inequality for l1-norm of coherence Here we prove that there exists a Bell-type inequality for l 1 -norm of coherence for bipartite product states. The violation of this inequality would then suggest that quantum states are entangled, and hence nonlocal. Theorem 1. In two-qubit system H A ⊗H B , if the global state ρ AB is a product state ρ A ⊗ρ B ∈ D (H A ⊗ H B ), then for any observables R, Q in H A and observables S, T in H B , we have
Proof. When ρ AB = ρ A ⊗ ρ B , we have the following fact
Note that this is true for any product state in arbitrary dimensions.
Then, using (7), we have
For simplicity, let us write
For two-dimensional systems, we have 1 ≤ W X ≤ 2, for X = Q, R, S, T . Hence, the absolute value of above equation is given by
That is,
Hence the proof.
The equality will be achieved when W Q = W R = W S = W T = 2, i.e., when ρ A and ρ B are maximally coherent pure states [72] . We will denote the left-hand side of inequality (8) by B C l 1 .
B. Bell-type inequality for relative entropy of coherence
In full analogy to the l 1 -norm of coherence, we can also establish Bell-type inequality for relative entropy of coherence. Theorem 2. In two-qubit system H A ⊗H B , if the global state ρ AB is a product state ρ A ⊗ρ B ∈ D (H A ⊗ H B ), then for any observables R, Q in H A and observables S, T in H B , we have
Proof. When ρ AB = ρ A ⊗ ρ B , it is easy to see that
This is also true for any product state in arbitrary dimensions. Therefore, using (9), we have
Hence proved.
Similar to the l 1 -norm case, the equality will be obtained when ρ A and ρ B are maximally coherent pure states. We will denote the left-hand side of inequality (10) by B Cr .
C. Violation of Bell-type inequalities
Here we show explicitly that Bell-type inequalities for both l 1 -norm of coherence and relative entropy of coherence are violated by the maximally entangled (singlet) state,
(|01 − |10 ), for some reference bases.
Example 1. Consider the basis
) are the eigenstates of the observable (−Z − X)/ √ 2, and α = 2 + √ 2, β = 2 − √ 2. Then, after some simple calculations, we obtain C l1 (Q, S, |Ψ ) + 1 = 4, C l1 (R, S, |Ψ ) + 1 = C l1 (R, T, |Ψ ) + 1 = 2 + √ 2 and C l1 (Q, T, |Ψ ) + 1 = 2. Hence,
In fact, the above inequality is true for any twoqubit maximally entangled state. Similarly, we obtain Again, the above inequality is true for any two-qubit maximally entangled state.
Example 2. Compared to Example 1 above, we obtain larger violations of both Bell-type inequalities if we take the following basis
where
, and
We, then, have C l1 (Q, S, |Ψ ) + 1 = C l1 (R, S, |Ψ ) + 1 = C l1 (R, T, |Ψ ) + 1 = 4, C l1 (Q, T, |Ψ ) + 1 = 2, and C r (Q, S, |Ψ ) = C r (R, S, |Ψ ) = C r (R, T, |Ψ ) = 2, C r (Q, T, |Ψ ) = 1. Therefore, 
where H({ p i }) = −p i log p i is the Shannon entropy of the probability distribution of { p i }. The plot of the quantity B Cr , in the above equation, against the white noise parameter p is shown in Fig. 2 . We see that the Bell-type inequality for relative entropy of coherence is violated for 0 ≤ p 0.07. Moreover, for l 1 -norm of coherence,
The value of the above inequality is larger than 8 if p ∈ [0, 1 4 ).
Based on above observations, we ask the following question: when Alice and Bob choose observables Q, R, S and T such that Bell inequality is violated and the maximal value 2 √ 2 is obtained, then do these observables violate Bell-type inequalities in coherence theory? We find that this is not true as shown below. As we know, when |Ψ = 1 √ 2 (|01 − |10 ), and we take Q, R, S and T as the following [26] :
then the Bell inequality attains the maximal value. The eigenstates of these observables are
where |S + = 
IV. BELL-TYPE INEQUALITY FOR RELATIVE ENTROPY OF COHERENCE AS AN ENTANGLEMENT WITNESS
Below we choose a set of observables Q, R, S and T, in whose basis, the Bell-type inequality for relative entropy of coherence is violated by all two-qubit entangled pure states, acting as an entanglement witness. We also find that, in the same basis, Bell-type inequality for l 1 -norm of coherence is violated by a large number of two-qubit pure entangled states. 
Proof. Consider the following basis:
and
For these observables, relative entropy of coherences are
2 , where h(p, 1−p) = −p log 2 p−(1−p) log 2 (1−p) is the Shannon entropy for the probability distribution { p, 1 − p }. Therefore,
Thus, for above set of observables Q, R, S, T , we see that when |ψ is entangled (i.e., θ ∈ (0, π)), Bell-type inequality for relative entropy of coherence is violated, serving as an entanglement witness.
However, the set of observables Q, R, S, T do not always violate the Bell-type inequality for l 1 -norm of coherence, as shown below. For these observables, l 1 -norm of coherences are C l1 (R, S, |Ψ ) + 1 = 4, C l1 (R, T, |Ψ ) + 1 = C l1 (Q, S, |Ψ ) + 1 = 2(| cos θ/2| + | sin θ/2|) 2 and C l1 (Q, T, |Ψ ) + 1 = (| cos θ/2| + | sin θ/2|) 2 . Hence,
Thus, we see that when θ ∈ (arcsin
and when θ ∈ [0, arcsin
, it does not exceed 8.
V. CONCLUSION
Bell's theorem is regarded as one of the most profound discoveries of science. It is a 'no-go theorem' that draws distinction between quantum mechanics and the world as described by classical mechanics. It states that no physical theory of local hidden variables can ever reproduce all of the predictions of quantum mechanics. Bell had constructed a mathematical inequality derived from locality and reality assumptions, that could be tested experimentally and showed it to be violated by certain entangled quantum mechanical states. Violations of Bell inequalities form necessary and sufficient criteria to detect entanglement in pure bipartite states. As entanglement arises from quantum coherence, in this work, we have investigated Bell-type inequalities for different valid measures of coherence. First, we constructed Bell-type inequalities for l 1 -norm of coherence and relative entropy of coherence, and found that these inequalities are violated by the maximally entangled two-qubit pure states. Furthermore, we showed that Bell-type inequality for relative entropy of coherence is violated by all two-qubit entangled pure states. Thus, we see that violation of the Bell-type inequality serve as an entanglement witness. We conclude by stating some future directions that one could explore: we don't know whether these inequalities are violated by all two-qubit mixed states. Also, we don't know the maximal values of violation of the Belltype inequalities that we have obtained.
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